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Abstract

In this paper, we explore the pulse interactions in optical fibers governed by the Coupled
Nonlinear Schrddinger Equations (CNLSESs), considering both self- and cross-phase
modulation effects. These equations play a crucial role in understanding the dynamics of
pulse propagation in nonlinear optical media, especially in scenarios involving multiple
interacting pulses. To investigate this, we apply the (G’/G)-Expansion Method, a powerful
analytical technique for deriving exact solutions to nonlinear differential equations. By
employing this method, we derive a family of explicit traveling wave solutions, expressed
in terms of hyperbolic, trigonometric, and rational functions. These solutions provide
valuable insight into the physical phenomena associated with the interaction of pulses in
optical fibers, such as the modulation and stability of pulse envelopes. The results
demonstrate the effectiveness of the (G'/G)-Expansion Method in solving complex coupled
systems and contribute to a deeper understanding of nonlinear optical effects, with potential
applications in optical communication systems and pulse shaping technologies. Numerical
simulations are presented to illustrate the behavior of the obtained solutions under different
parameter settings, highlighting the significance of self- and cross-phase modulation in
pulse dynamics.
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1. Introduction

Nonlinear optical phenomena have gained considerable attention in recent decades due to
their fundamental role in the propagation and interaction of light pulses in optical fibers. A
key model used to describe these phenomena is the Nonlinear Schrédinger Equation (NLSE),
which governs the evolution of optical pulses under the effects of group velocity dispersion
and Kerr nonlinearity. In systems where multiple pulses or channels propagate, the Coupled
Nonlinear Schrédinger Equations (CNLSESs) are required to account for the interaction
between different modes or wavelengths, making them indispensable in understanding multi-
pulse dynamics in fiber-optic communications and pulse-shaping technologies [1-12].

Self-phase modulation (SPM) and cross-phase modulation (XPM) are two pivotal effects
arising from the nonlinear refractive index of optical fibers. SPM describes the frequency
chirping of an optical pulse caused by its own intensity, while XPM represents the influence
of one pulse's intensity on the phase of another co-propagating pulse. These effects
significantly impact the stability, shape, and interaction of optical pulses, especially in high-
bit-rate fiber-optic systems where signal distortion must be minimized [13-24]. The intricate
nature of these interactions calls for advanced analytical techniques to derive exact solutions
for the CNLSEs, allowing deeper insight into the underlying physics.

The (G'/G)-Expansion Method has emerged as a powerful tool for solving nonlinear partial
differential equations (PDEs) such as the NLSE and its coupled counterparts. This method
facilitates the construction of exact traveling wave solutions in terms of hyperbolic,
trigonometric, and rational functions, making it an effective approach for studying pulse
interactions in nonlinear optical systems [25-30]. In this work, we apply the (G'/G)-
Expansion Method to the CNLSEs to derive explicit solutions that elucidate the role of SPM
and XPM in pulse evolution. These solutions are not only useful for understanding the
dynamics of optical pulses but also for improving the design of fiber-optic communication
systems, where precise control of pulse propagation is crucial.

2. The (G'/G)-Expansion Method
Suppose we have the following nonlinear partial differential equation:
P(u: Ugy Uy, Upry Uyxy Uxty ) =0. (l)

Where u = u(x, t) is an unknown function, P is a polynomial in u and its partial derivatives
that involves the highest-order derivatives and the nonlinear terms.

Main Steps of the (G'/G)-expansion Method:

« Step 1: The traveling wave variable

u(x,t) =u(§), &=x-"Vt (2)
Transforms Eqg. (1) into an ordinary differential equation (ODE):
Q(u,u,u’,u",-) =0, 3)

Where prime denotes the derivative with respect to €.

« Step 2: If Eq. (3) is integrable, integrate it term by term to yield constant(s) of integration.
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« Step 3: Assume the solution can be expressed as a polynomial in (%) as follows:

Gr l
u@® =3t a (%), an#0 (4)
Where G = G (&) meets the generalized Riccati equation:
G =71+pG+ qG? (5)

Where a;, (i = 1,2,3,...,n),p, q and r are constants to be determined later.
The generalized Riccati Eq. (5) has the following twenty seven solutions [49].

Family 1. When p? —4qr < 0and pq # 0 (or qr # 0), the solutions of Eq. (5) are,
G1=i[_P+\/WtanG\/Wf)]’ Gz=_$[P+
Jaar = preot (33— 7).
Gs = 5 |p + Jaqr —p? (tan(Jaqr —p?¢) + sec(/4qr = p%))|,
Gy = =5 [p + /27 = p? (cot(/aqr = p?¢) & esc(/4qr =) )|

Gs = 1= [~2p + /4ar =2 (tan (3 VAqr = p%) — cot (/2ar = %) )|
1 [ \/(AZ—BZ)(4qr—p2)—A\/4qr—p2cos(\/4qr—p2§)
o=z P Asin(\aqr—p2¢) +5 l
1 [ J(AZ—BZ)(4qr—p2)+AJ4qr—p2cos(J4qr—p2€)
G7 - Z P T Asin(\/wg)+B ]’
where A and B are two non-zero real constants and satisfies the condition 42 — B2 > 0.
G. = —ZTCOS(%\/Wf)
8~ J4qr—p2sin(%\/z}qr—pzf)+pcos(%\/W€)'
G = 2rsin(%mf)
® " —psin(3/aqr—pZ¢ ) +/(aqr—p?)cos(2/aqr—pZ¢)
_ —2rcos(\/W€)
Gro = Jar—p?)sin(y/aqr-p2¢ ) +pcos(\/aqr—p2¢ ) £,/ (4ar—p2)’
2rsin(\/wg)
Gi1 =

—psin(\/4qr—p2E)+J(4qr—p2)cos(J4qr—p2€)i\/(4qr—p2)'

_ arsin (337 = p°¢ ) cos (337 — p%¢)
= —2psin (%\/ 4qr — p2§) coS (%«/4qr — p2§) +2 (4qr _ pz)cosz (% hqr — pzf) B \/W

Family 2. When p? — 4qr > 0 and pq # 0 (or gr # 0), the solutions of Eq. (5) are,

G12

Grs = — = [p + y/p7 — aqrtanh (/p7 — 2qr¢)|

Gra = == |p + P = 4areoth (57 = 49¢),

615 = — = [p+ 77 = Far (tanh (7 =37 + isech(,/p? = 4q¢))|

Gro = == [p + V7 = 847 (coth(y/p7 — 4a7e) + eschl(y/p7 — 7€)
o= o e ) o =)
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1 \/(AZ+Bz)(p2—4qr)—A\/p2—4qrcosh(\/m5)
G0 =2 [_p " asinh(Jp2—4ar¢)+5 ]
1 \/(Bz—AZ)(pZ—4qr)+A\/p2—4qrcosh(\/m5)
19 =2 [_p - Asinh(\p?—4qré ) +B ]
where A and B are two non-zero real constants and satisfies the condition B — A2 > 0.
G — 2Tcosh(%\/m€)
20 — \/Wsinh(%mf)—pcoshema’
G — 2rsinh(%\/m5)
21— erOSh(%mf)—pSinh(%mf),
G = Zrcosh(ME)
22— MSinh(MS)—pcosh(\/pz—4qr$)ii\/p2—4—qr’
G = 2rsinh(m5)
23— —psinh(\/pz—4—qrf)+\/p2—4—qrcosh(\/p2—4qrf)i\/p2—4qr’
G — 4rsinh(%\/m5)cosh(imf)
24 —

—2psinth/p2—4qr€)coshe\/p2—4qr€)+2 p2—4qrcosh? (%\/pz—4qr$)—\/p2—4qr

Family 3. When r = 0 and pq # 0, the solutions of Eq. (5) are,

Goe = _pd
25 ™ gld+cosh(pé)-sinh(pé)]’
Gye = — plcosh(pé)+sinh(pé)]

g[d+cosh(p&)+sinh(pé)]’
where d is an arbitrary constant.

Family 4. When g # 0 and r = p = 0, the solution of Eq. (5) is,
1

Gy = —
27 qs +d,
where d; is an arbitrary constant.

» Step 4: In Eq. (4), n is a positive integer obtained by balancing the highest-order nonlinear
term(s) with the linear term(s) of the highest order from Eq. (3).

« Step 5: Substitute Eq. (4) into Eq. (3) and use Eq. (5) to obtain polynomials in G' and G .
By setting each coefficient to zero, we derive a set of algebraic equations for a;, p,q,r,V and
any constants of integration.

3. Application of The (G'/G)-Expansion Method to The Coupled Nonlinear
Schrodinger Equations for Pulse Interactions in Optical Fibers: Self- and Cross-Phase
Modulation Effects.

The propagation of optical pulses in fibers is fundamentally influenced by nonlinear effects
such as self-phase modulation (SPM) and cross-phase modulation (XPM). These effects,
which arise from the nonlinear refractive index of the fiber, play a critical role in shaping
pulse interactions, particularly in systems where multiple pulses or channels co-propagate.
The Coupled Nonlinear Schrédinger Equations (CNLSES) provide a mathematical framework
to describe these interactions. In this study, we apply the (G'/G)-Expansion Method to the
CNLSEs to derive exact solutions that capture the dynamics of pulse evolution under SPM
and XPM effects. These solutions offer valuable insights for the design and optimization of
fiber-optic communication systems.
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The model for Self- and Cross-Phase Modulation Effects can be represented by the
following equations:
Uye — VU, — puy + au — BlulPu —y|v[’u=20

Vyr + Vey — uve + av — Blv[*v — ylul?v =10
Explanation of Variables and Terms:

1. u(x,y,t) and u(x,y,t): These represent the complex envelopes of the two interacting
optical pulses (or modes). Each of these functions describes the amplitude and phase of the
light waves in two different modes, channels, or polarizations within the optical fiber. They
are functions of both spatial coordinates (x, y) and time (t).

2. uy, and v,,: These mixed partial derivatives describe the coupling between spatial and

temporal evolution for the two pulses. It reflects how the propagation of the pulse changes
with both position and time.

3. Vu,,, and Vv,,: These terms represent group velocity dispersion (GVD) in the optical fiber.
The factor V is related to the dispersion parameter, which governs how the pulse spreads over
time due to different frequency components traveling at different speeds. The subscripts (yy)
and (xx) refer to the second spatial derivatives, showing that the pulse spreads in space due to
dispersion effects.

4. pu, and uv,: These are dissipative terms that describe the effects of attenuation or loss in
the fiber, characterized by the parameter (u). As the optical pulse travels, its intensity may
decrease due to absorption or scattering in the fiber material.

5. au and av: These terms represent linear effects on the propagation of the pulses, such as
linear amplification or refractive index effects. The parameter (a) governs the strength of
these linear effects on the wave envelope.

6. —B|u|?u and —pB|v|?v: These are the self-phase modulation (SPM) terms. SPM arises
because the refractive index of the fiber depends on the intensity of the light. As a result, each
pulse modifies its own phase due to its intensity. The parameter (£) governs the strength of
this nonlinear self-interaction.

— |ul? represents the intensity of the pulse (u), while |v|? represents the intensity of the pulse
(v).

— The cubic term |u|?u in the first equation and |v|?v in the second equation means that each
pulse undergoes a self-induced phase shift due to its own intensity.

7. —y|v|?u and —y|u|?v: These are the cross-phase modulation (XPM) terms. XPM occurs
when the intensity of one pulse affects the phase of another co-propagating pulse. The
parameter (y) dictates the strength of this cross-interaction between the two pulses.

— In the first equation, the term y|v|?u indicates that the intensity of the pulse (v) influences
the phase of (u).

— Similarly, in the second equation, y|u|?v shows that the intensity of (u) affects the phase
of (v).
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Physical Interpretation:

— Self-Phase Modulation (SPM): SPM refers to the effect where a pulse changes its own
phase due to its intensity, leading to frequency chirping (a shift in the frequency components
of the pulse). This effect can lead to pulse broadening as it propagates through the fiber.

— Cross-Phase Modulation (XPM): XPM describes how the intensity of one pulse affects the
phase of another pulse. In a multi-channel or multi-mode optical system, XPM plays a crucial
role, especially in wavelength-division multiplexing (WDM) systems, where signals at
different wavelengths interact nonlinearly. XPM can lead to signal distortion if not properly
managed.

Coupled Nature of the Equations:

The two equations are coupled due to the presence of the XPM terms |v|?u and |u|?v. This
coupling reflects the physical interaction between the two pulses. If only one pulse exists
(e.g., (v =0)), the first equation reduces to a simpler form, governing the self-phase
modulation for that single pulse. However, when both pulses are present, their intensities
mutually influence each other's propagation through the XPM terms.

Mathematical preliminaries

Assume that
u(x,y,t) = wy(kyx + k,y — 7,t)et(@x+720)
V(x; y; t) = Wz(iklx + kzy —_ Tlt)ei(a2x+‘[2t)

Now, wusing the traveling wave wvariable (2) in Eg. (1), we have
—(kyT1 + K3VIWy + 1wy + (@ — agT)wy — fwi —ywi + i[(kiT, — a;T)wy —

T,uwy] =0 (6)

and

— (ot + kFVIW, + 1w, + (@ — apT)w, — fwg — ywi + i[(kpT, — aT)W, —

To,uwz] =0 (7)

equation (6) and (7) can be gathered as
—(kjTy + kEVIW, + Tpw; + (@ — a;T)w; — Bwf — ywi + i[(k;T, — a;T)w; — Touw;] = 0
where j=12 and L=3-j. Setting w;, = Aw; to obtain
—(kjTy + ka)wj” + Tl,uwj' + (a — a;T)wj — (B + AW + i[(kjT, — ajrl)wj' — Touw;] =0
Splitting into real and imaginary parts we get

Real
=Ty + KEVIW] + Typw) + (@ = ayz)w; = (B +yAD)wf = 0
Imaginary
(ijZ - ajfl)Wj — TLuw; = 0
According to Step 3, the solution of Eq. (3) can be expressed by a polynomial in (G'/G) as
follows:
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, "\ 2 \n
wi=bo+ by (2)+b,(5) + b, (3), by#0
where a;, (i = 0,1,2,3,---n) are constant to be determined and G = G(§) satisfies the
generalized Riccati Eq. (5). Considering the homogeneous balance between the highest order
derivative and the nonlinear terms in Eq. (3), we obtain n = 2. Therefore, the solution of Eq.

(4) takes the form:
2

wj=by+b; () +5, (), b %0
Case 1:

aj=a+klzp21], k]=k], T=0, p =D, b2=b2, b0=b2p2, b1=_b2p, q-=4q,

6
, b, B -6k?v
T = 14, T2:1, A:i -2
by

We notes that Family 1 does not apply here because p? can not be less than zero

Family 2.
u(x,y,t);3 = [bo + by (p - % (1 + tanh (S (kix + kyy — Tlt)))>
; 2 (8)
+b, <p — p? (1 + tanh (g (kix + kyy — ‘clt)))> ‘ pi(arx+172t)
— P P,
v(x,y,t)13 = [bo + by <p — ;(1 + tanh (E (ikyx + kyy — Tlt)))>
(9)

2
+b, (p - ”2—2(1 + tanh (§ (ikyx + kyy — m)))) ] CRCERED)
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The real Part The imaginary Part
= [\
10 ® 10
B =
—_ >:-
= 5 X 0
% =
= )
= 0 E -10
5 5
10
0 0
5 - 5 -
t 10 < t 10 .
The real Part The imaginary Part
10 2
™ =
= >
> 5 X
X &
2 g
0 E
5
10
0 0
5 . 5 -
t 10 < ¢ 10 «

Figure 1: Plotting of the real and the Imaginary parts of v,5(x,y,t) with b, = 0.01, b; =
-0.19, b, =03, p=3, k;, =0.01, k, =08, 7, =15, a; =02, 1, =12, and x €
[-10,10],y € [-10,10] and t € [-5,5].

u(x,y,t)1s = [bo + b, <p — 2(1 + coth (g (kix + kyy — T1t)))>
(10)

2
+b, <p - ”2—2(1 + coth (f (kyx + kyy — m)))) ] CRCERED)
v(x,y,t)14a = by + by (p — g [1 + coth (g (ikix + kyy — Tlt))])

2
+b, (p — pz_z [1 + coth (g (ikyx + kyy — Tlt))]) CRCERED)
u(x,y,t)1s = by + by (p — % [1 + (tanh(p(klx + k,y — 1,t)) + isech(p(kix + kyy — Tlt)))])

(11)

2 2 .
+b, (p - p? [1 + (tanh(p(kyx + kyy — T1t)) £ isech(p(kyx + kyy — Tlt)))]) el(a1x+720)
(12)

v(x,y,t)15 = by + by (p — g [1 + (tanh(p(iklx + k,y — 1.t)) + isech(p(ik x + kyy — rlt)))])

2 .
+b, (p - p2_2 [1+ (tanh(p(ikyx + kyy — 7,0)) * isech(p(ikyx + kyy — Tlt)))]) el(@1x+720)
(13)
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The real Part The imaginary Part

-
o

Imag u(x,y,t)15
o

-10
5
0
t 5 -10 < t -5 -10 «
The real Part The imaginary Part

V(x'y't)1 g
=)

Imag u(x,y,t)15
o

-
wo

0 0

t X t X

-5 -10 5 -10

Figure 2: Plotting of the real and the Imaginary parts of v,5(x,y,t) with by = 1.5, b; =
0.19,b, =13,p=2,k; =0.1, k, =0.5, 7, =0.01, ¢, =13, 7, = 1.2, and x € [-10,10]

, vy € [-10,10] and t € [-5,5].

u(x,y,t)16 = by + by (p - g [1 + (coth(p(klx + k,y — 14t)) + csch(p(kix + kyy — Tlt)))])

2 .
+b, (p - ,,2_2 [1 + ((coth(p(kyx + kyy — 7,8)) £ csch(p(kyx + kyy — Tlt)))]) eH(@1x+720)
(14)
v(x,y,t)16 = by + by (p - g [1 + ((coth(p(iklx + k,y — 1,t)) * csch(p(ikix + kv — rlt)))])
2
+b, (p - pz_z [1 + ((coth(p(ikyx + kyy — T1t)) £ csch(p(ikix + kyy — rlt)))]) el(a1x+72t)
(15)
_ 4 p p
u(x,y,t)17 = by + by (p — [2 + (tanh (Z (kyx + kyy — ‘rlt)) + coth (Z (kyx + kyy — rlt)))])

by (p -2 [2+ (tanh (B (kax + kpy — 146) ) + coth (2 (hyx + ky — rlt)))])z pi(@x+120)
(16)

v(x,y,t)17 = by + by (p - E [2 + (tanh (g (ikyx + kyy — Tlt)) + coth (2 (ikix + kyy — Tlt)))])

+b, (p - Z—Z [2 + (tanh (% (ikix + kyy — Tlt)) + coth (% (ikix + kyy — Tlt)))])z pl(a1x+75t)
(17)
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The real Part The imaginary Part

-
o

u(x.y.t),,
Imag u(x,y,t)17
o

-10

w

10

0 0
t -5 -10 « t -5 -10 «
The real Part The imaginary Part

u(x,y,t),|7

Imag II(X,y,t)17

0
5 . 5 -
t 10 ’ t 5 -10 "

Figure 3: Plotting of the real and the Imaginary parts of v,,(x,y,t) with by =5, b, = 1,
b2 = 0003, p = 2, k]_ = 17, k2 = 04’, T4 = 38, a, = 028, Ty, = 1, and X € [—10,10] , y €

[-10,10] and t € [-5,5].

_ p|_ v (A%2+B2%)—Acosh(p(kix+ky,y—1T1t))
u(x' Y t)18 o bO + bl (p + 2 [ 1+ Asinh(p(kix+k,y—1,t))+B ])

(18)
+b, (p 4P [_1 n \/(A_Z+BZ)_—Acosh(p(k1x+k2y—T1t))])2 pi(arx+ts0)
2 Asinh(p(k1x+kyy—11t))+B !
_ p| V(A%2+B2)—Acosh(p(ik1x+k,y—T1t))
V(x) Y, t)18 - bO + b1 (p + > [ 1+ Asinh(p(ik,x+kyy—T,0))+B ]) (19)

2
p|_ \(A2+B2)—Acosh(p(ikix+k,y—14t)) i(a;x+75t)
+b2 (p t 2 [ 1+ Asinh(p(ik1x+k,y—11t))+B ]) e =
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Re(u) for A=1,B=-1Im(u) forA=1,B =-Re(r)forA=1,B =-1Im(v) forA=1,B = -1

4
23
& 2
5

A o 10

-5 -10 -5 10
t X

Re(u) for A =0.5, B =|m(s) forA=0.5B -m) for A= 0.5, B -lm(s) for A= 0.5, B =-0.5

Im(u)
Re(v)

-1 0
-20

~5 10

4 e -
2 E 3 -5 —1
— - % 10 -20
5 5
0 p 10 0 0
-5 -10 -5 10 -5 -10 «5 10
t X
Re(u) for A =0.2, B =l@\(21) forA =0.2,B -M) for A=02,B -m@) for A=0.2, B =-0.2
4
S 3 = 3
&J 2 § & -10
5 ; -20
0 g 10
-5 -10 -5 10
t X

Figure 4: Plotting of the real and the Imaginary parts of u,5(x,y,t) and v;5(x, y, t) with
bo—lz b1 1b2—05p 1.5,k1=1.2,k2=0.8,T1=10,a1=2,T2=_1,ande
[-10,10],y € [-10,10] and t € [0,5].

_ 1l . V(B2-A%)+Acosh(p(k1x+kyy—11t))
ux,y,tho = bo + byp <1 + 2 [ 1 Asinh(p(kx+k,y—7,t))+B ])

(20)

2
2 1 o J(B2-4%)+Acosh(p(kyx+ky—14t)) i(@yx+Ty0)
+b2p (1 + 2 [ 1 Asinh(p(kq1x+k,y—11t))+B ez,

_ i . J(BZ-A2)+Acosh(p(ik 1 x+k,y—T1t))
vy, 19 = bo + bip (1 + 2 [ 1 Asinh(p(ik x+k,y—T,t))+B ])

(21)

2
2 1| . (B2-A%)+Acosh(p(ikix+kay—11t)) i(a,x+1750)
*bap <1 T3 [ 1 Asinh(p(ikyx+koy—T1))+B ey,
where A and B are two non-zero real constants and satisfies the condition B? — 4% > 0.
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Re(u) for A= 0.8, B =Itafu) for A = 0.8, B =Rej) for A= 0.8, B =ll}v) for A=0.8,B=1.3

1 10
sS4 ) D
& ¥ g 0 \ § 0
3 8
0 3 5 0 % 5 0 5 10
-5 -5 -5 -5 -5 -10 -5 -10
t X t X t X t X

Re(u) for A=1,B =1lin(u) for A=1, B=1Re(v) forA=1,B=1Iin(v) forA=1,B=1.1

=5 2
EC \ g
_g )
0 0 >
-5 -5
t X

Re(v)

Im(u)

Figure 5: Plotting of the real and the Imaginary parts of u,q(x,y,t) and v;o(x,y,t) with
b, =13, b, = 0.25, b, =0.004,p =15, k, =12, k,=08,71, =1,a;, = 2,7, = —1, and
x € [-10,10],y € [-10,10] and t € [0,5].

Family 3. When r = 0 and pq # 0, the solutions of Eq. (5) are,

u(x’ ‘ t)zs - bO + blp (1 N d+cosh(p(k1x+k2y—‘rlt)()i—sinh(p(ik1x+k2y—1-1t)))
2
+hap? (1 - d+C05h(P(k1x+k2y—T1t;—Sinh(p(k1x+kzy—‘r1t))) '(twrrrat),
(22)
V(X, Y, t)zs = bo + b1P (1 - d+cosh(p(ik1x+k2y—rlt;—sinh(p(ik1x+k2y—rlt))) (23)
2
+b,p? (1 — d+cosh(p(ik1X+k2y—T1t;—Sinh(p(ik1x+k2y—rlt))) pilax+eat)
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Real Part of u(x,y,t)25 Imaginary Part of u(x,y,t)25

2 2
g 5 E
0
2 10
5
X t - X
Real Part of u(x,y,t)25 Imaginary Part of u(x,y,t)25
1
T
14
10
5
X t - X

Figure6: Plotting of the real and the Imaginary parts of u,s(x,y,t) and v,s(x,y,t)
with by =1,b, =05, b, =08,p=1.2,k, =0.2, k, = -10.5,7, =1.8,a, = 2, 7, = 15,
d =1.5,and x € [-10,10], y € [-10,10] and t € [0,5].

cosh(p(kix+kyy—t1t))+sinh(p(k1x+k,y—71t)) )

ux,y, 26 = bo+bip (1 N d+cosh(p(kix+ko,y—11t))+sinh(p(k1x+k,y—T1t))

24
+b 2 (1 _ cosh(p(kix+k,y—71t))+sinh(p(k1x+ky—11t)) )2 ei(a1x+‘f2t) ( )
2P d+cosh(p(kix+k,y—71t))+sinh(p(k1x+ky—11t)) !
_ _ cosh(p(ikix+k,y—t1t))+sinh(p(ik x+k,y—71t)) )
v(x, Y t)26 - bo + blp (1 d+cosh(p(ikyx+ky—71t))+sinh(p(ik1x+k,y—71t)) (25)

2 cosh(p(ikix+kpy—71t))+sinh(p(ik x+k,y—71t)) 2 i(ax+75t)
+b,p - . ; , ettdrxTizt))
d+cosh(p(ikix+kyy—71t))+sinh(p(ik1x+k,y—11t))
where d is an arbitrary constant.

Family 4. When g # 0 and r = p = 0, the solution of Eq. (5) is,

2
— —4q —4q i(a;x+1yt)
u(x, y’ t)27 bl (q(k1x+k2y—1'1t)+d1) + b2 (q(k1x+k2y—‘rlt)+d1) € ! ’ ! (26)
—4q —q 2 i(a1x+1,t) 27
= 1 2
V(x, y, t)27 bl (q(ik1x+k2y—flt)+d1) + b2 (q(ik1x+k2y—1’1t)+d1) € ’ ( )

where d; is an arbitrary constant.
Case 2:
aj=a’—k12P2V’ kakj’ T=0, p=D b2=b21 b0=0’ b1=_b2p1q=q1

, b, B -6k?v
T = 14, T2:1, A:i e
b,y
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Family 2.
u(x,y,t)13 =

v(x,y,t)3 =

u(x,y,t)14 =

v(xX, Y, )14 =

u(x,y,t)1s =

V(%Y D15 =

u(x, Y t)16 =

v(X, Y, t)16 =

u(x,y,t)17 =

v(x,y,t)17 =

u(x,y,t)1g =

v(x,y,t)1g =

Page | 194

b, (p — g [1 + tanh (g (k1x + kyy — Tlt))]

+b ( — ﬁ p — ? i(a1x+1t) (@8)
2\P =3 [1 + tanh (2 (kix + kyy Tlt))]) e

b, (p — g [1 + tanh (g (ikix + kyy — Tlt)) )

» o - 29)

+b, (p -5 [1 + tanh (5 (tkyx + kyy — Tlt))]) el(@1x+720)

by (p = 2[1+ coth (B (kyx + koy — 110))]) )
+b, (p - %2 [1 + coth (g (kix + koy — 741t) )])2 el (@r1x+720)

b, (p —-= [1 + coth( (ikyx + kyy — Tlt))]) e

2
+b, ( - = [1 + coth ( (ikyx + kyy — rlt))]) el(ax+72t)
( [1 + (tanh(p(kyx + kpy — 74t)) + isech(p(kyx + kyy — Tlt)))])

2 .
+b, (p - 72 [1 + (tanh(p(kyx + kyy — T1t)) + isech(p(kyx + kyy — Tlt)))]) (@1 x+720)
(32)
b, (p - g [1 + (tanh(p(ikyx + koy — T1t)) * isech(p(ikyx + kyy — Tlt)))])

p? z
+b, (p - [1 + (tanh(p(ikyx + koy — 71t)) * isech(p(ikyx + kyy — Tlt)))]) el(ax+72t)
(33)
b, (p — g [1 + (coth(p(klx + kyy — 11t)) £ csch(p(kix + kyy — Tlt)))])

+b, (p = Z[1 + ((coth((kyx + kay — 710) + csch(p(lax + kyy Tlt)))])z pil@ix+7z)
(34)
by (p -= [1 + ((coth(p(ikyx + kyy — 7,8)) & csch(p(ikyx + kyy — Tlt)))])
+b, (p -5 [1 + ((coth(p(iklx + k,y — 1.t)) + csch(p(ikix + kyy — Tlt)))])z pl(a1x+7,t)
(39)
b (p-2[2+ (tanh (B Ueax + oy —710)) + coth (B (kyx + kepy Tlt)))])

ei(a1x+1'2t)

by (p -2+ (tanh (B Gerx + keay —710)) + coth (2 kyx + oy — Tlt)))])
(36)

b (p 22 (tanh (Biksx + oy — 70)) + coth (2 (ks + kpy — 10) )])

2 2

by (p -2 2+ (tanh( (ks + oy — 0)) + coth (2 (ks + ey — Tlt)))]) ei(arx+rat)

( [ \/W Acosh(pgl:i?)?+k2y T1t)) )

Asinh(p(k1x+k,y—T1t))+B

Nl'ts

p+
(38)

2
+b ( 1 + 4/ (AZ+BZ)—Acosh(p(k1x+k2y—‘L'1t)) ) ei(a1x+12t)
2 Asinh(p(k1x+k,y—71t))+B ’

b, (P 4P [_1 n ‘/(A2+J'92)—Ac.osh(p(ik1x+k2y—rlt))])
2 Asinh(p(ikix+k,y—7,t))+B (39)

2
p|_ \ (A2+B2%)—Acosh(p(ikix+k,y—74t)) i(@yx+T5t)
+b, (P + 2 [ I+ Asinh(p(ikyx+k,y—7,t))+B ]) e,
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_ 1 __ _ V(B2-A2)+Acosh(p(kix+k,y—11t))
u(X; y: t)19 - blp (1 + 1 AS]nh(p(k1x+k2y—‘[1t))+B ]) (40)
2
2 J(B2=A2)+Acosh(p (ki x+k,y—T1t)) i(ax+15t)
+b;p (1 [ 1- Asinh(p(k,x+k,y—1,1t))+B ]) e
_ 1 J(B2—A2)+Acosh(p(ikix+k,y— Tlt))])
vy, D19 = bip (1 + | -1- Asinh(p(ik,x+k,y—T,t))+B (41)
2
2 i, V(B%2-A2)+Acosh(p(ikix+k,y—T1t)) i(a;x+7,t)
+b2p (1 + 2 [ 1 Asinh(p(ikqx+k,y—11t))+B ]) e =
where A and B are two non-zero real constants and satisfies the condition B? — 42 > 0.
Family 3. When r = 0 and pq # 0, the solutions of Eq. (5) are,
u(ey,t)s = bip(1- a )
' Yit)zs = 1P d+cosh(p(kix+ky,y—11t))—sinh(p(ik x+k,y—11t))
2
2 _ d ) i(aix+1yt)
+b2p (1 d+cosh(p(kix+k,y—71t))—sinh(p(k1x+ky—11t)) € ’
(42)
d
v(x, Y t)25 B blp (1 N d+cosh(p(ik1x+k2y—rlt))—sinh(p(ik1x+k2y—1'1t))) (43)
2
2 _ d ) i(a1x+tyt)
+b,p (1 d+cosh(p(ik,x+k,y—1,t))—sinh(p(ikix+k,y—11t)) € ’
_ __cosh(p(kix+kyy—14t))+sinh(p(k1x+ky—14t)) )
u(x' Y t)26 - blp ( d+cosh(p(kix+k,y—74t))+sinh(p(k1x+ky—11t)) (44)
4+ b2 (1 ___cosh(p(kyx+kzy—t1t))+sinh(p(k1x+koy—111)) )2 pi(a1x+75t)
2P d+cosh(p(kix+k,y—11t))+sinh(p(k x+k,y—T1t)) ’
_ . cosh(p(ikix+k,y—1t1t))+sinh(p(ik x+k,y—71t)) )
v(x, Y t)26 - blp ( d+cosh(p(ik1x+ky—11t))+sinh(p(ik1x+k,y—11t)) (45)

2 cosh(p(ikix+k,y—1t1t))+sinh(p(ik1x+k,y—11t)) 2 i(ax+75t)

+b,p - . , , ettdrxTizt))
d+cosh(p(ikix+kyy—11t))+sinh(p(ik1x+ky—11t))

where d is an arbitrary constant.
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Real Part of u(x,y,t)26 Imaginary Part of u(x,y,t)zs

Re(u)
Im(u)

5 ° 5
¢ 5 -10 § t = -10 «

0

Real Part of u(x,y,t)26 Imaginary Part of u(x,y,t)26

- 0 0 : 0
.5 -0 ) . 5 -0 )

Figure 7: Plotting of the real and the Imaginary parts of u,¢(x,y,t) and v,¢(x,y,t) with
bo = 08, b]_ = 05, bz = 07, p = 503, k]_ = 01, k2 = _1, T4 = 15, a, = 1, Ty, = 10, d =
1.5,and x € [-10,10], y € [-10,10] and t € [0,5].

Family 4. When g # 0 and r = p = 0, the solution of Eq. (5) is,

2
— —4q —4q i(a;x+1yt)
u(x’ y’ t)27 bl (q(k1x+k2y—1'1t)+d1) + b2 (q(k1x+k2y—‘rlt)+d1) € ! ’ ! (46)

2
— —4a —4a i(a;x+15t)
MCAEY by (q(ik1x+k2y—t1t)+d1) + b (q(ik1x+k2y—‘rlt)+d1) e (47)
where d; is an arbitrary constant.

Case 3:

g=a-16kiqrv, =k, r=r, p=0 by=h, bh=-22  p =0
q=q, T, =71, T;=1, A=¢\/T‘Z—i"lz"

Forgr >0

Family 1.

— qar
u(x,y,t)1 = bg+ by (Wtan(m(k1x+k2y—rlt)) + 1/q1‘tan(1/qr(k1x + kyy — Tlt))>
(48)

2
ar / / — i(a;x+t,t)
b (Wtan(\/ﬁ(klﬁkzy—rlt)) +2 qrtan( qrkox + kpy Tlt))) ey,
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— ar . _
v(x,y,t)1 = by+ by (Jq_rtan(\/q_r(iklx+k2y—rlt)) + Jqrtan({/qr(ik,x + kyy Tlt))>
2
qr . [~ _ i(a1x+1,t)
b, (Wtan(\/ﬁ(iklaﬁkz)’—nt)) +2 qrtan( qr(tkox + oy Tlt))) e

(49)

_ ar _
u(x,y,t), = by + b <Wcot(W(k1x+k2y—r1t)) + qrcot(,/qr(klx + kyy Tlt))>

: (50)
+b, ( ar + 2 qreot(Jar(lax + ey — Tlt))> pilartesn)

Vareot(Vqr(kyx+k,y—14t))

— qr . _
v(x,y,t), = by+ by <WC0t(W(ik1x+k2y—rlt)) + ,/qrcot(,/qr(tklx + k,y Tlt))>

2
ar i / : _ i(a;x+1,t)
b, <\/q_rcot(\/q_r(ik1x+k2y—r1t)) +2 quOt( qr(ikyx + koy Tlt))) ey,
(51)

qr
tan(v4aqr(kix+k,y—tt))tsec(v/4qr(k x+k,y—14 t)))

+ﬁ (tan(,/4qr(k1x +ky,y — Tlt)) + sec(,/4qr(k1x + kyy — Tlt))))

u(x,y, t)3 = bO + b1 <\/q_‘r(

(52)
+b, < v
W(tan(\/m(’ﬁx"'kzy—ﬁf))isec(\/rﬁﬁ”(klx+kzy—flt)))

2

+/qr (tan(w/4qr(k1x + kyy —1yt)) + sec((J4qr(kyx + kyy — Tlt)))) eH@rx+720)
vy, t)3= by+b ul
Vit = 0 ! \/q_r(tan(\/m(iklx+kzy—rlt))isec(\/4_m“(ik1x+k2y—rlt)))
+/qr (tan(1/4qr(ik1x + kyy —1yt)) + sec(\J4qr(ikyx + kpy — Tlt))))
(53)

qr
+b2 <\/q_r(tan(\/4qr(ik1x+k2y—rl t))tsec(vAqr(ik x+k,y—T4 t)))

2
+ﬁ (tan(,/4qr(ik1x +ky,y — Tlt)) + sec(,/4qr(ik1x +ky,y — Tlt)))> ei(@ix+tt)

_ —ar
u(x' Y t)4 - bO + bl <\/ﬁ(cot(\/4qr(k1x+k2y—‘rlt))icsc(\/4qr(k1x+k2y—tlt)))

—Jqr (cot(,/4qr(k1x +ky,y — Tlt)) + csc(,/4qr(k1x + k,y — Tlt))))
(54)
—qr

+be <\/ﬁ(cot(\/4qr(k1x+k2y—11 t))tcsc(vVaqr (ki x+k,y—14 t)))

2
_\/E (cot(,/4qr(k1x + kyy — Tlt)) + csc(,/4qr(k1x +ky,y — T1t)))) ei(@rx+72t)
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_ —ar
v(x, Vs t)4 - bo + bl <\/q_r(cot(\/4qr(ik1x+k2y—‘rlt))icsc(\/4qr(ik1x+k2y—rlt)))

_ﬁ (cot(,/4qr(ik1x + koy —7,0)) + esc(/4qr(ikyx + kyy — T1t))))

(55)
+b, ( , L ,
VT (CotVET (iky X+ kY~ ) £ esC(VATT (i x+oy =131))

2
_\/E (cot(,/4qr(ik1x + k,y — rlt)) + csc(,/4qr(ik1x + kyy — Tlt)))) ei(aix+7at)

2qr
u(x,y,t)e = by+b
(.3, Ds 0 1(vq_r(tan(g/q_r(klxwzy—rlt))—cot(%dq_r(klxwzy—nt)))

qr (tan G\/F(klx + k,y — Tlt)) — cot (% ﬁ(klx + kyy — Tlt)))>

+b 2ar 56
2 (Jq_r(tan(%\/q_r(klx+k2y—rl t))—cot(g\/q_r(klx+k2y—rl t))) ( )

2
qr (tan G\/F(klx + k,y — Tlt)) — cot (% ﬁ(klx + kyy — Tlt)))> ei(@rx+72t)

2qr
v(x,y,t)s = byg+b
( y )5 0 1(W(tan(%\/ﬁ(iklx+k2y—11t))—cot@\/ﬁ(iklxﬂczy—rlt)))

+%ﬁ (tan Gﬁ(ihx + kyy — Tlt)) — cot Gﬁ(iklx + kpy — rﬂ)))) (57)

+b 2qr
2 <\/q_r(tan( \/q_r(1k1x+k2y Tlt)) cot(%\/q_r(ik1x+kzy—rlt)))

ei(a1x+rz t)’

(ASin(/EGF (ke x-+Hepy—71)) +B)
ulx,y,t) e = byg+b qr
. De 0 1(vq_r(J(Az—BZ)—Acos(\/W(kmkzy—rlt)))

i (\/(AZ—BZ)—Acos(W(klxwzy—rlt))))

Asin(\/m(klx+k2y—‘r1 t)) +B
(58)

+b qr(Asin(v4qr (ki x+k,y—11t))+B)
\/q_r(\/ (AZ_Bz)_ACOS(\/W(klx‘l'kzy_Tlt)))

2
+\/——(w/(A2 —B2)—Acos(vaqr(kix+k,y— ‘rlt)))> ei(a1x+"—'2t)’

Asm(\/ 4qr (k1x+k2y T1 t)) +B

VX, y,t)e =
( y )6 \/'—m_Acos(W(ik1x+k2y—T1t)))

+\/— («/(A2 —B2)—Acos(vaqr(ik;x+k,y— rlt)))>

Asin(\/4qr(ikix+k,y—T1t))+B

by + by < (qr(Asin(x/4_qr(k1x+kzy—Tlt))+B)
qr

(59)

+b qr(Asin(/4qr(ik1x+k,y—71t))+B)
W(w/ (A%2-B2)-Acos(v4qr(ik 1 x+k,y—T1 t)))

Asin(\/4qr(ikix+k,y—T1t))+B

2
+ﬁ<\l(AZ—BZ)—ACOS(\/W(l’kl.X‘Fka—Tlt))>> ei(alx_}_rzt),
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(ASIn(VTGT (ky X+ gy =71 ) +B)
u(x,y,t); = by+b <zl
:9,6)r ° ]’(vﬁ?(J(AZ—BZ)+Acoa~@a?aax+kzy—rlo))

+\/_ (,/(A2 —B2)+Acos(vaqr(kix+k,y— Tlt)))>

Asin(y4qr(kix+kyy—11t))+B
(60)
qr(Asin(\/4qr(kqx+k,y—11t))+B)

+b
g (W(v (a2 —BZ)+Acos(\/W(k1x+k2y—rlt)))

2
('_ (A2-B2)+Acos(aqr(kix+k,y—T4t)) i(a;x+Tot)
+ ( Asin(v4qr(k1x+kyy—11t))+B )) e =

(Asin(y4qr (k1 x+k;y—71t))+B)
v(x,y,t), = by+b T
*.2,6)s ° 1<m(\/<A2—BZ)+Acost(ik1x+k2y—rlt)))

;— (A2-B2)+Acos(\/Aqr(ikix+k,y—T1t))
t ( Asin(y/4qr(ik1x+ky,y—T1t))+B ))

(61)

+h qr(Asin(/4qr(ik1x+k,y—71t))+B)
z W(wl (A%2-B2)+Acos(V4qr(ik x+k,y—T1 t)))

2
/— (A2-B2)+Acos(\/aqr(ik1x+kyy—T1t)) i(a;x+7,t)
t < Asin(\/4qr(ikix+k,y—T1t))+B )) e =

where A and B are two non-zero real constants and satisfies the condition A2 — B? > 0.
u(x,y,t)g = by + by < VT - qrcot(ﬁ(klx + kpy — T1t))>

cot(/qr(kix+ko,y—11t))

2 (62)
_W .
b, <C0t(\/q_7‘(k1x+kzy—r1t)) = Jarcot(\/qr(kyx + kzy — Tlt))> el(@xreat),
v(x,y,t)g = by + by <C0t(W(lk_1x+k2y o \/—cot(\/—(lklx + k,y — Tlt))>
(63)

2
+b, <cot(W(1k1x+k2y = 1/qrcot(,/qr(tklx + k,y — Tlt))> ei(ax+72t)

W
u(x,y,t)g = by + b <tan(\/q_r(k1x+k2y—rlt)) + \/q_rtan(\/q_r(klx + kyy — Tlt))>
o 2 (64)
ar _ i(agx+1,t)
+b, (tan Trdari ot Jartan(y/qr(kyx + kyy rﬂ))) ei(arx+tyt)
— var ; _
v(x,y,8)g = by + by <tan(\/q_r(ik1x+k2y_flt)) + Jqrtan({/qr(ik,x + k,y Tﬂf)))
(65)

2
var i _ i(a;x+1yt)
b, <tan(\/q—r(ik1x+k2y_rlt)) + Jqrtan(\/qr(ik,x + k,y rlt))) el@ax+eat)

u(x,y,6)10= by +by (—W(Sin(\/4qr(k1x+kZY—r1t))il) _ WCOS(\/4qr(k1x+k2y_-[1t)))

cos(Vaqr (k x+kyy—14t)) (sin(Vaqr (k x+kyy—T,t))+1) (66)
+b (—\/q_r(sin(x/4qr(k1X+kzy—Tlt))il) . WCOS(\/4qr(k1x+k2y—T1t)))2 pi(arx+75t)
2 cos(/4qr(k,x+k,y—T1t)) (sin(v4qr(k x+k,y—t1t))£1) !
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V(X t) = b, +b (—\/Q_T(Sin('4qr(ik1x+k2y—-[1t))i1) _ \/q_rcos(\/4qr(ik1x+k2y—rlt)))
1¥atli0 0 1 cos(v4qr(ik1x+k,y—14t)) (sin(v4qr(ik;x+k,y—T1t))+1)
+b (—\/q_r(sin(\/m(iklaﬁkzy—rlt))i1) _ \/q_TCOS(\/W(ihx"'kzy_Tﬂ)))z pli(arx+7;t)
2 cos(VAqT (ik1x+kzy~T11)) (sin(vqr (ikyx+kzy~1))£1) ’

(67)

U, y,t)1 = bo+ b (W(cos(v4qr(k1x+k2y—1'1t))il) Vaqrsin(v4qr (ki x+k,y—14t)) )
Yt = 0 L sin(v4qr (kyx+koy—71t)) (cos(Vaqr(kix+kzy—t1t))+1)
+h (W(cos(\/4qr(k1x+k2y—f1t))il) n Vqrsin(v4qr (ki x+k,y—14t)) )2 pi(a1x+75t)
2 sin(v4qr(kyx+kay—11t)) (cos(Vaqr(kyx+kyy—t1t))+1) ’

(68)

_ Var(cos(vaqr(ikix+ko,y—-11t))+1) | /qrsin(y4qr(ikix+k,y—11t))
v(x, Vs t)ll - bO + bl ( sin(\/4qr(ik1x+k,y—T1t)) (cos(\/4qr(ik1x+k2y—1'1t))il))

b, (W(COS(\/W(ikﬂ"'kzy—Tﬂ))il) VATSIn(/AGE(iky x ey —T10)) )2 pi@crrst)

sin(\/4qr(ik1x+k,y—T1t)) (cos(v4aqr(ikix+kyy—T1t))+1)
(69)

\/q_T(ZCOSZ(%W(k1x+k2y—‘[1t))—1)
u(x,y,t)12 = b+ bi|—F 1
251n(§\/ﬁ(k1x+k2y—rlt))cos(EW(k1x+k2y—rlt))
+ 2 qrsin(%\/ﬁ(klx+kzy—rlt))cos(%m(k1x+k2y—‘c1t))
(Zcosz(%\/W(klxﬂczy—rlt))—l)

\/q_T‘(ZCOSZ(%W(k1x+k2y—‘[1t))—1) (70)

+b2 <Zsin(%\/ﬁ(k1x+k2y—‘rlt))cos(%\/q_r(klx+k2y—‘clt))

.1 1 2
2 qrsm(i\/ﬁ(klxﬂczy—rlt))cos(g\/ﬁ(klx+k2y—rlt)) pilarx+70)
(Zcosz(%W(k1x+k2y—rlt))—1) ’

W(Zcosz(%W(ik1x+k2y—‘rlt))—1)
V(x' Y t)lz - bo + bl <Zsin(%\/q_r(ik1x+k2y—rlt))cos(%\/ﬁ(iklx+kzy—rlt))
2 qrsin(%\/ﬁ(iklaﬂkzy—rlt))cos(%\/ﬁ(iklx+kzy—rlt)))
(Zcosz(%W(ik1x+k2y—rlt))—1)
W(Zcosz(%W(ik1x+k2y—rlt))—1)
+b (Zsin(%\/ﬁ(iklx+k2y—‘rlt))cos(%\/q_r(iklx+k2y—11t))

(71)

(1 . 1 . 2
2 qrsm(?/qr(lk1x+k2y—1:1t))cos(;/qr(tklx+k2y—rlt)) ei(a1x+1'zt)
(Zcosz(%\/qr(ik1x+k2y—1'1t))—1) ’

4. Conclusion

The analytical solutions derived using the (G'/G)-expansion method offer valuable
insights into the complex dynamics of pulse interactions in optical fibers. The wave profiles
elucidate the critical roles of self- and cross-phase modulation in shaping pulse propagation.
SPM primarily leads to pulse broadening and frequency chirping, while XPM introduces
inter-pulse coupling that can significantly affect the stability of optical signals. These findings
are essential for improving the design and performance of fiber-optic communication
systems, where precise control over pulse propagation is crucial for minimizing signal
distortion and maintaining data integrity. Overall, the results not only deepen our
understanding of nonlinear optical phenomena but also contribute to the advancement of
technologies in high-speed optical communication and pulse shaping.
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